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On modelling the interaction between two rotating bodies with statistically distributed features: an application to dressing of grinding wheels The mechanisms of interaction between bodies with statistically arranged features present characteristics common to different abrasive processes, such as dressing of abrasive tools. In contrast with the current empirical approach used to estimate the results of operations based on attritive interactions, the method we present in this paper allows us to predict the output forces and the topography of a simulated grinding wheel for a set of specific operational parameters (speed ratio and radial feed-rate), providing a thorough understanding of the complex mechanisms regulating these processes. In modelling the dressing mechanisms, the abrasive characteristics of both bodies (grain size, geometry, inter-space and protrusion) are first simulated; thus, their interaction is simulated in terms of grain collisions. Exploiting a specifically designed contact/impact evaluation algorithm, the model simulates the collisional effects of the dresser abrasives on the grinding wheel topography (grain fracture/break-out). The method has been tested for the case of a diamond rotary dresser, predicting output forces within less than 10% error and obtaining experimentally validated grinding wheel topographies. The study provides a fundamental understanding of the dressing operation, enabling the improvement of its performance in an industrial scenario, while being of general interest in modelling collisionbased processes involving statistically distributed elements.
Introduction
The attritive interaction between rotating bodies with micro-geometries following a stochastic distribution is common to several operations involving abrasive elements (i.e. grains) arranged on the surface of an abrading and an abraded body, the latter being characterized by materials with lower hardness with respect to the first body.
Among the industry-based abrasive processes, grinding plays a fundamental role in several scenarios, from the automotive to the aerospace, using porous wheels with abrasive materials such as aluminium oxide and silicon carbide. The preparation of the grinding wheel is performed through the dressing operation, representing a critical step to obtain the required workpiece surface finish as this is genuinely dependent on dressing operational parameters and the specific grinding wheel abrasive characteristics (grain size, concentration and protrusion). Thus, dressing is used to generate the desired profile on the grinding wheel (i.e. truing), conditioning the surface of the same through removing clogged debris of the workpiece material from its surface and exposing new active cutting edges of the abrasive grains (i.e. cleaning). Depending on the complexity and the accuracy of the required grinding wheel profile, the dressing operation can be performed using stationary tools (e.g. single-point dresser for simple geometries) or rotary tools (e.g. form rolls for complex geometry parts).
Specifically, dressing performed through rotary tools can be represented as the result of the interaction between two rotating bodies with statistically distributed micro-geometries, where a rotary dresser with diamond grains abrades the surface of a grinding wheel characterized by an abrasive material with lower hardness (e.g. aluminium oxide); in this case, predicting the effect of the dressing process on the actual grinding wheel preparation is a challenging task, leading to some uncertainties on the quality of the workpiece machined surface. This can be related to the mechanisms behind the dressing operation and the grinding wheel topography generation, being the results of the attritive interaction between the rotating bodies considered as complex systems made of grains, binder and pores with non-uniform geometrical characteristics. In this respect, dressing is often approached by using empirical methods taking advantage of specific performance maps and recommendation for use, which relate the dressing operational parameters to the grinding conditions, as commonly found in manufacturers' dressing manuals [1, 2] .
Nevertheless, several authors investigated the effect of dressing on the grinding operation through the development of simulation models, trying to consider the complexity of the abrasive process. In their work, Brinksmeier & Cinar [3] use the concept of collision number defined by counting the collisional events that occur between a grinding wheel grain and the rotary dresser abrasive, showing that a higher collision number during dressing (i.e. higher density or lower size of the dresser abrasive grains) results in an increase in normal grinding forces. The method developed by the authors refers to dressing operation under the assumption of spherical grains (CBN and diamond) with known average size and constant protrusion. The same fundamental idea is used by Linke [4] transferring it to the cases of stationary dressing tools, form rollers and profiled roller dressers. Like in the previous case, this model idealizes the topography of both the grinding wheel and the dressing tool (e.g. spherical grains with average diameter), considering those as homogeneous bodies of constant density, allowing a simplified mathematical formulation of the number of collisions.
In predicting the dressing outcomes (e.g. process forces and surface topography), the complexity of the grinding wheels in terms of stochastic distribution of abrasive characteristics (grain size, shape and distribution) and binder distribution (pores) is often disregarded in the current literature. In this context, attempts to model the grinding wheel structure are usually found in relation to methods to grinding process. Examples are represented by the work done by Koshy et al. [5] and Jiang et al. [6, 7] in which the stochastic nature of the grinding process is considered in relation to the grinding wheel topography, where a statistical approach is adopted to simulate the surface conditions [5] , together with the characteristics of the contact between the rotary abraded body (grinding wheel) and the workpiece [6, 7] . In these reports, some considerations regarding the influence of dressing on the grinding process are made, although the result of dressing is simplified assuming it to impress regular profiles on the grinding wheel surface (idealized spherical grains and kinematics), disregarding any interaction mechanism (e.g. grain/bond fracture). A further approach to model the complexity of grinding as a process involving abrasive micro-geometries is made by Liu et al. [8] who presented an investigation of the effect of different grain shapes on the results of grinding, assuming the grain diameter follows a normal distribution function. The work also uses a dressing model developed by Chen & Rowe [9] to predict the initial grinding wheel topography, but this consists in a single-point dresser with idealized characteristics, e.g. in terms of grain shapes. More recently, a different approach is used by Li et al. [10] to model the grinding wheel structure, together with the grinding process itself. This makes use of the discrete element method (DEM) to model the grinding wheel structure in terms of individual elements to represent the abrasive grains and the bonding elements, predicting grinding forces and final workpiece roughness; however, the model presented in [10] , making use of a molecular dynamics approach (i.e. atom-like simulation of the sample region and particle motion related to classical Hamiltonian equations) to represent the workpiece as a semi-homogeneous surface, i.e. free of micro-geometries, does not allow us to establish the criteria for modelling the attritive interaction between the two rotating bodies as a process affecting the topography of the abraded body (i.e. grinding wheel). In this respect, the phenomena associated with compression/deflection of the granular grinding wheel structure are not modelled in terms of collisional events with grains possessing a specific geometry and characterized by hard materials (e.g. diamond), preventing the simulation of a process such as dressing.
Analysing the current literature, it becomes evident that a truly understanding of the dressing mechanisms, as an abrasive removal process between two rotating bodies with statistical distribution of micro-geometries, is a challenging task mainly, because the collisions between abrasive particles (grains on abrading/abraded rotating body) need to be considered, interacting as a function of their kinematics and individual characteristics (i.e. size, spatial arrangement and protrusion height).
This paper reports on a novel modelling framework to predict the abrasive removal mechanisms at the contact between two rotating bodies (i.e. roller dresser and grinding wheel) with stochastically distributed micro-geometries (i.e. abrasive grains), considering their granular structures and the impact between individual grains from the surfaces of interacting bodies. Based on a preliminary simulation of the rotary bodies' abrasive characteristics (e.g. grain size, concentration, material properties), the proposed approach allows computing individual collisional events between grains with statistically dominated properties on both the dresser and grinding wheel surface, combining them to predict the total interaction, i.e. dressing, effect at a macro-level (modelled contact region) in terms of output forces and generated topography. To achieve such result, the model is first calibrated adjusting specific simulation parameters related to both material properties (e.g. compressive/tensile strength) and the nature of the interaction between the rotating bodies (e.g. contact length), and then validated on the basis of experimental results obtained from dressing operations for different values of the operational parameters (i.e. ratio of the peripheral velocities and radial feed-rate of the rotating bodies). The approach used in this paper can easily be extended to the case of dressers with specific abrasive arrangement (e.g. handset/controlled grain distribution), defining a model for a rotating body with specific grain concentration and pattern (i.e. regular inter-spacing and recursive geometrical disposition); this can allow the comparison between distinct types of rotary dressing tools, enabling the abrasive distribution optimization to achieve required process results (e.g. increased grinding wheel roughness for higher material removal rates).
The developed method can find its application in different cases of attritive contact between moving bodies with granular structures characterized by statistically distributed elements, whose interaction mechanisms can be modelled in terms of collisional events between micro-geometries. With appropriate adaptations, the presented model can enable the performance improvement of processes based on similar interactions, such as wheat kernel crushing/grinding in the food industry, and facilitate the study of civil engineering problems, such as the characteristics of interaction between porous asphalt concrete and hard material bodies (e.g. roadwork machine wheels).
2. Modelling approach: predicting the abrasive removal to simulate the structures of the rotating bodies and the interaction between individual grains Section 2 gives an overview of the proposed model, presenting the key elements of the developed approach and simulating the attritive interaction between two rotating bodies, i.e. a body causing abrasion and one being abraded (assumed to be respectively a rotary diamond dresser and a grinding wheel for the specific case studied in this paper), with randomly distributed microgeometries, in terms of collisional events involving abrasive grains with different geometrical characteristics (e.g. size, shape) and material properties (e.g. hardness, elastic modulus), leading to the prediction of the force related to the process and the topography of the abraded body. The model simulates the attritive interaction occurring during the abrasive process based on both operational and design parameters, leading to the possibility to consider different typologies of abrading bodies (i.e. various arrangements of the abrasive grains). The main steps of the developed method can be summarized as follows:
The statistical micro-geometry/structure of the abrading/abraded body is modelled starting from their specification (grain size, surface/volumetric density and protrusion), which allows the definition of the fundamental relations between the relative positions of the abrasive grains (figure 1a), allowing to simulate the interaction between the rotating bodies in terms of collisions between grains. -Step 2: The relative motion of the abrading grains with respect to the abraded surface is predicted and the attritive interaction mechanisms between the two cylindrical rotating bodies are simulated; this is defined in terms of collisional events between sets of grains on both bodies, whose number depends on the length of the contact region. In this respect, using a stress-related criterion for the evaluation of the abraded grain condition (breakage/pull-out) following each collisional event, the abrasive effect on the body surface (i.e. grain of the abraded surface pulled out or fractured) is predicted by simulating the obtained surface topography (e.g. roughness). During this step, the force acting on the abraded grains during each interaction is calculated as a function of the specific collision characteristics, predicting the overall forces related to the process (figure 1b).
As discussed in §3, the abrasive grains are modelled as discrete elements with mechanical characteristics (e.g. size, location and geometry) and properties (e.g. Young's modulus and fracture toughness) correlated to the specifications/requirements of the bodies. In this regard, the models simulating the abrasive structure of interacting bodies are combined accounting for the response of individual structural elements (i.e. grains and bonding elements) to specific interaction mechanisms. To achieve this objective, a program has been implemented in Matlab ® to model both rotating bodies and simulate the complex attritive interaction mechanisms.
3.
Step 1: modelling the stochastic surfaces of the abrading/abraded bodies As already stated, the first step in simulating the dressing operation consists in modelling the topography of the two rotating bodies. The models simulating the abraded and the abrading body have commonalities concerning the abrasive arrangement and the definition of grain size and volumetric density (figure 2a bridges (figure 2b), the abrading body (i.e. rotary dresser) model provides the abrasive grain size, geometry (truncated octahedron solids-figure 2c) and positions with respect to the binder (homogeneous) surface, defined as protrusion (figures 1a and 2), assuming the bonding mean to rigidly constrain the grains. The previous assumptions are justified by the nature of the interacting structures, involving a body with defined geometry grains embedded into its peripheral surface (e.g. dresser with diamond abrasive grains sintered in a tungsten base matrix) causing the abrasion of a body with porous granular structure (e.g. grinding wheel with aluminium oxide grains retained by a porous vitrified binder). Moreover, the assumption of spherical grains for the abraded body allows simplifying the simulation of the interaction between the elements of the rotating bodies, otherwise heavily affected from a computational perspective by the irregularity typically characterizing abrasive bodies such as grinding wheels. As shown in figure 2a , the main common steps in modelling the two abrasive surfaces can be described as follows: -Subsequently, a randomization process is performed by varying the stated characteristics within fixed limit values, according to normal probability functions [5] .
In addition to this, the two topography models present specific aspects characteristics to the simulated rotating bodies: -In the case of the abraded body abrasive structure, link elements (cylindrical elastic bridges) are created in between grains, simulating the effect of the binder (e.g. porous vitrified binding medium); this allows the simulation of the two main phenomena dominating the process, i.e. fracture of the bond (with the pull-out of the grain) or fracture of the grain. -In the case of the abrading body model, a geometry is assigned to the abrasive (e.g. monocrystalline diamond), simulating features such as grain edges, vertexes and flat faces, while the binder (e.g. tungsten-based matrix) is assumed to mechanically retain the grain establishing a fixed constraint.
The first stage to model the abraded body surface is to obtain the volume percentage (V) of the different constitutive elements contributing to its composition (abrasive grains V g , bonding medium V b and porosity V p ), referring to its specifications to provide information on grain size, structure and grade, in addition to the type of abrasive and bond. In this respect, as discussed in [11] , assuming the abrasive structure to be a three-component system composed by grains, bonding elements and porosity (neglecting possible additions of other elements, e.g. fillers), it is possible to write V b + V p + V g = 100, where the percentage of each component is extracted from the body specifications (e.g. standard marking system of grinding wheels).
As illustrated in figure 2a, in modelling the surface characteristics of both abrading/abraded bodies, the grain diameter d i can be assumed to follow a normal distribution, knowing the grain average value d avg , together with its maximum and minimum equivalent diameter (respectively, d max and d min ) [12] 
, with a grain size probability in the neighbourhood of x obtained similarly to the case discussed in [12] and calculated as
After the grain diameter definition, in the topographic models for both rotating bodies, abrasives are first equally spaced based on the mean distance value l r as a function of the grain volumetric density V g ( figure 2a ).
Because the abraded body is characterized by a volumetric distribution of the abrasive, while the abrading body grains are distributed only on the peripheral surface, the parameter l r (figure 2a) needs to be defined in specific ways for each of the rotating bodies. According to [8] , the inter-grain distance l g r of bodies such as grinding wheels can be calculated as follows:
Conversely, the abrading body inter-grain distance l d r , is calculated considering the total abrasive mass contained in a unit of surface. Following the previous arrangement for both bodies, the grain positions are randomized varying their inter-space and ensuring no overlap between adjacent abrasive elements; then, the grain protrusion height h (from the binder plane) is adjusted based on a normal probability distribution, with h max = 0.6 d i and a null value for h min (figure 2a).
For the specific case of the abraded body simulation, the abrasive grain arrangement is modelled assuming the binder as the short beam element linked to the grains through rigid joints and supporting them along three directions, corresponding to an orthogonal reference system for the initial regular arrangement (figure 2a). The average value of the diameter D b of the bonding bridges is calculated in relation to V b , defining these elements as cylinders with length equal to the distance between the abrasive grains l g r and assuming each grain to be connected to the adjacent one through one bridge element only (figure 2b); this allows creating a simple lattice structure to compute the bridge deflection as a function of the grain displacement. Moreover, as it will be explained in §4, using this representation, the load on the binder can be calculated, together with the stress state on both the same and the abrasive grains of the abraded body.
Conversely, as anticipated at the beginning of §3, a specific geometry (truncated octahedron) is associated with the abrading body grains (figure 2c), with size obtained considering each element inscribed in a sphere of diameter d eq and protrusion height h i calculated from the surface of a homogeneous binder, which realizes a mechanical constraint and rigidly retains them; the geometry assignment phase of the model will be discussed in detail §4.
In modelling the abrasive surface of both rotating bodies, the region of interaction is simulated through the computation of the length of the contact arc between the bodies (kinematical contact length), associated with the process parameters. As shown in the equation (3.3), the kinematical contact length value l k is calculated as a function of the speed ratio q d = v d /v g (with v d and v g indicating, respectively, the peripheral velocities of the abraded and the abrading body, i.e. the rotary dresser and the grinding wheel) and geometrical contact length l c :
where l s represents the average distance between the abrasive grain on the abrading body surface (grain inter-space) and the geometrical contact length l c can be expressed as a function of the radial feed-rate a r (figure 1b) and the equivalent wheel diameter d eq as follows:
In turn, given the diameter ratio x r = D d /D g between the abrading and abraded body, d eq value can be calculated as follows: From equation (3.3) , it is possible to note that the kinematical contact length l k is influenced by the abrading body grain surface density (related to the grain inter-space l s ) and the relative speed between the abrading (i.e. dresser) and the abraded (i.e. grinding wheel) body thorough the speed ratio q d , in addition to the contribution given by the geometrical contact length l c .
Furthermore, due to the elastic deflection of both rotating bodies during their interaction, the actual value of the contact length in the abrasive process is larger than the theoretical value l k (caused by higher local radii at the contact between the bodies, compared with the non-deflected case). Previous investigations, mainly performed on the grinding process [13] [14] [15] [16] , have shown that a deflection factor d f (ratio between the length of the deformed and non-deformed contact region) in the range 1.1-2.5 can be used to compensate for the actual body deformation, leading to the calculation of the real contact length l k,real . Because the entity of deflection depends on the radial force components (figure 1b) associated with the operation, the deflection factor d f is used as a calibration parameter, estimating its value to match the predicted forces with the values obtained from a series of plunge dressing trials. In case the predicted forces are lower than the expected ones, the value of d f is increased to obtain a larger contact area, leading to a higher number of collisions (related to the amount involved grains) and therefore higher forces; the opposite operation is performed in case the forces predicted with the model are higher than the ones obtained experimentally. Thus, the proposed dressing model employs the real contact length, l k,real , to predict the contact region for different sets of operational parameters, correcting the geometrical contact length l c as follows:
From equation (3.6), the real length of the contact region l k,real allows us to predict the number of grains from both the abrasive bodies that interact during the process simulation; this enables the computation of the average force components during each step of the radial feed sequence starting from individual collisional events, as explained in §4. Therefore, after modelling the abrasive structures of the abrading/abraded body in terms of stochastically distributed micro-geometries, the attritive interaction between the two surfaces is predicted by calculating the abrading grain motion relative to the abraded surface and simulating the compressive/tensile tress developed following grain collisional events.
Step 2: simulating the interaction between the rotating bodies
The first step in modelling the interaction between the rotating bodies requires the calculation of the trajectories of the abrading grains approaching the abraded surface; the specific grain paths correspond to epicycloids (or hypocycloids) and depend on the speed ratio q d and the diameter ratio x r between the bodies. With respect to figure 3, choosing a fixed coordinate reference system with origin coincident to the abraded body centre of rotation, the equations describing the abraded grain cycloidal paths can be written in terms of rectangular coordinates as follows: discussed in §4, this plays a crucial role on the results of an attritive process such as dressing, in terms of both process force components and surface finish of the abraded body (i.e. grinding wheel); this is due to the change in the normal velocity of approach v i between the grains on the rotating bodies (leading to different abrasive interaction mechanisms). Despite the current literature reports on the relation between the cycloidal grain trajectories and the dressing results, the prediction of the paths for the dressing grain has not been employed in a kinematical model which includes the iterative calculation of the contact between a set of grains (dresser/grinding wheel). In this regard, as represented in figure 1b, the proposed model combines the calculation of several grain paths with the simulation of the rotating bodies abrasive characteristics, assessing the number of collisional events as a factor strongly depending on the bodies' surface structures.
(a) Prediction of the fracture mechanisms of the abraded body elements following the impact of the abrading grains
The proposed grain collisional model allows the prediction of stresses acting on both the abraded body grains and the bonding bridge elements when in contact with the grains of the abrading body. These stress evaluations determine whether grains are fractured or completely removed from the abraded surface (i.e. grain/bond breakage), leading to the simulation of its topography, in addition to the abrasive process forces prediction. The collision between the abrasive grains of the two rotating bodies is represented in figure 4 , highlighting the stress (both tensile and compressive) developed in the contact area due to the collisional event, together with the force associated with the deflection of the bonding bridge element.
To simulate the abrasive grain interaction, each collisional event was considered as a twophase process. (i) Initially, the impact between the considered grains of both rotating bodies is simulated to determine their geometrical interference and the stress related to the abraded body grain elastic deformation; during this phase, the bonding structure remains unaffected, because the grain displacement from its initial position (consequence of recovering its elastic deformation) occurs at the end of the compression phase, whose duration is dictated by both the relative velocity of approach and the grain mass. (ii) Subsequently, the deflection of the bonding bridge elastic elements is predicted in case the stress calculated during the first step does not lead to the abraded body grain fracture, with the latter undergoing the anticipated elastic deformation recovery. The Hertz theory of elastic contact is used to predict the stress acting on a grain of the abraded body, as a function of the compression related to the collisional event, assuming the binder to play a structural role (deflecting because of the grain displacement) without being directly involved in the collisional event; the previous assumption in the case examined in this paper is justified by the abraded body (i.e. grinding wheel) grain inter-space (related to the abrasive concentration) being typically characterized by a value lower (about six times) than the abrading body (i.e. dresser) grain average diameter, preventing the latter to collide with the bonding bridges.
The maximum allowed compression of each grain of the abraded body is calculated as a function of the normal component of the relative velocity of approach v n between the abrasive grains of both bodies (figure 4), eventually leading to the grain displacement with consequent bonding bridge deflection. In fact, as described in figure 5 , once the maximum deformation is reached, if the stress on the grain does not exceed the material ultimate strength and no breakage occurs, the abrasive element itself moves from its initial position elastically recovering the strain imposed by the abrading body grain. Therefore, the binder is subjected to specific stress conditions because of the grain displacement and eventually, one or more bonding bridges break at an excessive deformation.
(i) Grain collisional events: progressive compression and related force/stress levels The stress following the impact between abrasive grains from the rotating bodies is evaluated in relation to the specific process (i.e. dressing) parameters, namely speed ratio q d and radial feed-rate a r . As previously described, specific values of these two parameters lead to different abrading grain angle of approach γ (figures 3 and 5) with respect to the abraded surface (i.e. smoother/steeper) and, therefore, to different interaction characteristics (e.g. normal relative velocity). To calculate the contact stress on the abraded body grains, the Hertzian theory was employed, relating the maximum geometrical interference between the grains on the interacting surfaces to the load acting on each abrasive element. Assuming initially a spherical geometry for the impacting grains (between the modelled bodies), the radius a of the circular area of contact can be expressed as
where P is the total load compressing the solids, related to the maximum pressure value p 0 to the following equation:
Thus, the radius of the circular contact area (figure 4) can be expressed also by The compressive load P and the displacement δ z (by which the sphere centres approach each other) are related by
where the previous symbols indicate the following characteristics, related to the interacting abrasive grains (subscript d and g, respectively, for the abrading and the abraded body):
From the previous equations, the maximum pressure related to the compressive force at the area of contact can be written as
Although the Hertzian impact leads to a compressive stress inside the area of contact (figure 4), at the very edge of the same the radial stress is tensile and is characterized by a maximum value related to p 0 by σ T = (1 − 2ν g )p 0 /3; this represents the highest tensile stress anywhere and it is responsible for the crack initiation (Hertz ring crack) on the grinding wheel grain [17] . However, after the crack is initiated, it can only propagate through the entire volume of the grain if the maximum tensile stress is a specific number of times higher than the ultimate tensile strength for the abraded body grain material (aluminium oxide-Corundum, Al 2 O 3 for the case studied in this paper). As anticipated, at the centre of the contact area, instead, the radial stress is compressive and assumes value σ C = (1 + 2ν g )p 0 /2. Thus, as detailed/described in the following, the grinding wheel grain undergoes a breakage if the tensile stress at the edge of the contact area is high enough to initiate a crack and allow its propagation throughout all the grains.
Owing to uncertainties on the actual stress state required to break the grain, an approach based on fracture mechanics was employed, resembling the case presented in [18] for brittle particle (sand grains) impact fracture, where the grain failure was assumed to be a consequence of reaching a critical load P c related to Hertzian compression and material defect (flaw). In this regard, the material failure is characterized by unstable catastrophic flaw propagation and occurs when the equivalent stress intensity factor K eq becomes higher than the equivalent fracture toughness K c,eq [19] :
where σ eq is the stress acting on a typical grain flaw with dimension equal to c; Y is a dimensionless factor related to the flaw characteristics (i.e. geometry, shape, etc.). Considering a brittle material, such as the one characterizing the grinding wheel abrasive grains (i.e. aluminium oxide in this study), the probability that the failure stress (leading to the crack propagation) is less than or equal to the applied equivalent stress σ eq corresponds to the probability that the material contains a flaw with characteristic dimension equal to or larger than a critical value. The critical flaw length c f is used in the model as a calibration parameter, performing a series of iterative calculations aiming to match the simulated forces with experimental data (related to plunge dressing tests at specific conditions-i.e. high and low speed ratios), and comparing the topography of the simulated grinding wheel with the one obtained experimentally (with the objective of obtaining similar open/close abrasive structures). Once estimated the value of c f , combining equations (4,4), (4.5) and (4.7), the critical force P c can be calculated as follows:
With reference to figure 5, assuming an initial non-deformed spherical abraded body grain, the fracture of the same occurs when P ≥ P c ; the predicted compressive load P at the fracture is decomposed in the components along the three axes of an orthogonal reference system (figure 4), calculating the individual collision contributions to the total process forces.
The initial assumption of using spherical geometries to simulate abrasive grains of the rotating bodies allows us to efficiently compute the collision characteristics (e.g. relative compression of the involved elements, normal relative velocity of approach v i ) providing the basic system of equations (4.2)-(4.8) to be subsequently implemented for the cases of non-Hertzian contacts. In fact, in addition to the described impact between two spherical grains, edge contacts are considered in the model to simulate the effect of a truncated octahedron geometry of the abrading body grains, relating the radius a of the contact area to the compressive load P for two different cases of compressive load: cone-sphere (figure 4b) and flat punch-sphere (figure 4c). In this respect, referring to the non-Hertzian theory as discussed in [17, 20] , equations (4.9) and (4.10) can be obtained and used to estimate the load related to the compression between a spherical grain with radius R (grinding wheel abrasive) and a cone edge with aperture α (resembling a dresser grain vertex):
and Using the previous expressions to predict the critical load in compression, the orientations of the abrading body grains corresponding to the cases of single edge and flat surface against the abraded grain are simulated in the same model instance through a stochastic process allowing to randomize the impact stress calculation for each of the presented cases.
(ii) Grain collisional events: load derived from the binder deflection As previously stated, following the stress evaluation phase on the abraded body grain, the deflection of the bonding bridges (considered as elastic elements) is simulated in case no grain fracture occurs (abrasive displacement due to its elastic deformation recovery). Using the Hertzian theory of impact [17] , the maximum allowed compression δ z is calculated as a function of the normal velocity of approach v n between the abrasive grains (figures 4 and 5) as follows:
Thus, in predicting the binder breakage, the stress related to the deformation of the bonding elements is calculated evaluating the bridge strain in both the axial and tangential directions.
Indicating with l the bridge deformation and with l 0 the initial bridge length, the Hooke's law can be employed to initially calculate the stress related to the axial deformation as σ b = E b l/l 0 and subsequently the resulting force as F n = k l, considering the single bonding bridge as a spring element characterized by an elastic constant given by k = (E 3 A)/l 0 (with A representing the bridge cross-sectional area).
The bridge elements' stress calculation includes obtaining the shear stress related to the tangential deformation. Thus, indicating with γ the displacement angle and with G = E b /2(1 + ν b ) the bridge shear modulus, the shear stress component can be calculated as τ b = Gγ and the force associated with tangential deflection is computed as F t = τ b A.
Once calculating the stress state in each bonding element, the maximum principal stress theory was employed to predict the binder breakage because of the collisional events. Thus, indicating with σ max the maximum stress acting on a bonding bridge and taking into consideration both the cases of compression and tension stress (superscripts C and T), a bridge fractures when the stress becomes higher than a critical value, identified by the following criterion:
where σ T U and σ C U represent the binder material ultimate stress and S b indicates a safety factor used as a calibration coefficient; the latter is obtained comparing experimental and predicted dressing force data, allowing to iteratively adjust its value (similarly to the case described in § §3 and 4 for the deflection factor d f and the critical flaw length c f ).
Having obtained both the normal and tangential forces related to the binder loading and breakage, the decomposition of them is performed obtaining the components along the reference system axes. These are then combined with the forces obtained from the grain compression and fracture to predict the force levels related to the attritive interaction between the rotating bodies, represented in this research by a diamond dresser and an aluminium oxide grinding wheel.
(b) Simulation of the surface of the abraded body
Following the simulated abrasive operation (i.e. dressing), the abraded body structure is dependent on the affected abrasive grains having experienced a size reduction (breakage), or being removed from the wheel surface (pull-out). Once the characteristics of the remaining grains on the simulated abraded surface (i.e. grinding wheel) are obtained, in terms of size and position, a continuous surface is created interpolating its points using the data related to resulting topography. This step is performed to derive the characteristics of the surface texture, such as the value of the average roughness Ra for profiles extracted from a sample surface, together with the roughness Sa and Sz of the latter; the mentioned parameters allow a comparison in terms of peaks to valleys, thus indirectly related to the amount of grains fractured and removed during the process. The described process is summarized in figure 6 , where the results of the simulated dressing process can be observed in terms of affected regions with evident pull-out effects.
In addition to the stated surface characteristics, different parameters can be easily calculated using the data points obtained through the interpolation process, like the values Rv, Rp and Rz, representing, respectively, the maximum peak height, the maximum valley depth and maximum height of the selected profile.
As discussed, the research presented in this paper investigated the specific case of an abrading body with diamond abrasive sintered in a tungsten-based matrix (i.e. rotary dresser) interacting with an abraded body characterized by aluminium oxide grains in a porous vitrified binder, during the dressing process. Section 5 will present the experimental methodology used to validate the model, together with the comparison between the simulation prediction and the data obtained experimentally in terms of dressing forces and grinding wheel topography.
Experimental methodology for the model validation
The proposed model was validated using data collected during plunge (radial feeding) dressing tests in dry conditions, employing a conventional type diamond rotary dresser characterized by a random abrasive arrangement. The objective of the validation is to show that by simulating the dressing of a grinding wheel in terms of interaction between different abrasive sets, it is possible to predict the output forces and the obtained topography for different values of speed ratio q d and radial feed-rate a r ; specifically, the simulation and the dressing tests were performed considering a total radial feed a d = 600 µm, corresponding to the removal (radial wheel wear) several grinding wheel abrasive layers. The rotary dresser (outer diameter (OD) 35 mm, width 8 mm) was characterized by grain size d grit = 0.6 mm and surface density of 0.7 carat cm −2 , with the abrasive embedded into a tungsten-based matrix using a sintering process. Additionally, uncoated synthetic diamond grains SDB1125 (monocrystalline structure with high thermal stability and low friability) were used in the dresser; the material mechanical properties are provided in §6. Tyrolit VIPER grinding wheels XA60-E13-VPR (vitrified bond aluminium oxide) were used throughout the dressing tests, with wheel width equal to 7 mm and initial OD corresponding to 59 mm; this specific wheel type (used for high removal rate in the manufacturing of aerospace components) is characterized by porosity percentage V p = 52%, vitrified (ceramic) binder percentage V g = 10% and abrasive volumetric percentage V g = 38% for Al 2 O 3 grains with average diameter d p = 0.22 mm. In conducting the tests, the dresser was installed on a Dr Kaiser C80FG18 high precision dressing spindle (torque 1.40 Nm, shaft run-out less than 2 µm) mounted on a KISTLER 9255B dynamometer, to measure both force components (radial F r and tangential F t ) acting during the plunge dressing tests. The dressing equipment (figure 7) was installed on a Makino A55 machining centre, allowing to vary the speed ratio q d (ratio between the peripheral velocity of the dresser and the grinding wheel) and the radial feed-rate a r to obtain the values indicated in table 1, used to validate the model through simulations using the same set of operational parameters. Grinding wheel topography was assessed using ALICONA G5 'Infinite Focus' microscope and TALYSURF CLI1000 non-contact profilometer. The micro-topography of the dressed grinding wheel was obtained after each test by using high-resolution 'soft replicas' with a thixotropic compound (MICROSET 101RT).
As discussed, the data collected from the dressing tests (i.e. output forces) were used to adjust specific model parameters, improving the accuracy of the predicted values. In this respect, the procedure used for the calibration of the model and the validation of the same can be summarized as follows:
(i) Acquire dressing force components (F r and F t ) from tests at the highest and the lowest speed ratio q d , with the highest feed-rate a r (no. 3 and no. 15), allowing to obtain the highest and lowest values for the measured forces at constant a r to match the experimental data with the simulated forces for the two extreme cases. (iv) Examine the grinding wheel topography obtained from the dressing tests and compare the abrasive surface structure to the simulated one, as discussed in §4.
Model validation and discussion
The developed dressing predictive approach, simulating the interaction between two rotating bodies with defined abrasive structures, has been implemented in Matlab ® as summarized below:
-The dressed grinding wheel topography is estimated using the criteria defined by equations (4.7) and (4.14), calculating the grain/binder load through equations (4.8), (4.10) and (4.12), referring to the criterion related to equation (4.13). -In doing this, the dresser grain trajectories with respect to the grinding wheel surface are predicted using equation (4.1), computing the stress analysis resulting from the interaction between grains as described in §4a.
The calibration coefficients necessary to correctly predict the abrasive removal at the contact between the rotating bodies are obtained following the calibration procedure discussed at the end of §5, obtaining a deflection factor d f = 2.1, a grain critical flaw length c f = 3.8 × 10 −3 mm and a binder safety factor S b = 0.8
The properties of the material used in the model to simulate the abrasive structure of both the rotary dresser and the grinding wheel are presented in table 2.
(a) Validation of the model: prediction of dressing forces considering collisional events between statistically distributed abrasive features
As previously stated, the force resulting from each individual collision between sets of grains is computed, simulating the loading event leading to the grinding wheel grain breakage/pull-out.
The capability of the model to predict individual collisional events between the abrasives on the rotary dresser and the grinding wheel highlights that the load associated with the binder breakage is usually higher than that related to the event of a grain breakage, as represented in figure 8 for a selected time interval and specific operational conditions (a r = 5 µm rev −1 , q d = −0.9) in relation to the reference system shown in figure 4 . The output forces predicted with the model have been compared to the experimental data obtained from several plunge dressing operations as indicated in table 1, obtaining the results shown in figure 9 . The average radial and tangential forces are estimated within a 10% error, with a higher accuracy of prediction for high speed ratio (a r = 5 µm rev −1 ). The lower force values simulated at low speed ratios, compared with the ones obtained from the experiments, might suggest either the presence of unpredicted effects on the grain/binder fracture mechanisms (e.g. interference on the grain displacement due to more complex binder structures, or different stress conditions due to additional/various grain geometries), or a variability on the estimated length of contact region because of factors influencing the deflection of the two wheels during their interaction (e.g. variable deflection function of radial forces). Nevertheless, the dressing forces predicted with the model are in good agreement with the measured values, following the expected trend for all the simulated operational conditions (i.e. increasing in both radial and tangential forces for higher speed ratio q d and radial feed-rate a r ).
The difference in force peaks originated by the abrasive interactions (grain/binder fracture) is at the base of the characteristic force trend (higher values for increasing speed ratio q d ), while higher feed-rate a r , at fixed q d , leads to higher forces (consequence of larger contact region, as discussed in §3). In fact, from the predicted results, it is verified that for high (positive) values of q d the probability to obtain a binder breakage is generally higher than at low (negative) q d , leading to higher force values. In this regard, an indication about the fracture mechanism in relation to specific operational conditions is provided by the prediction of a parameter called dressing fracture ratio D f , calculated in the model as the ratio between the number of fractured grains and the total number of collisional events: higher D f corresponds to a higher number of grain fractures compared with the number of binder breakage, and vice versa. As indicated in figure 9 , D f is characterized by values in the range 0.2-0.3 at high speed ratios, meaning that the number of grains removed by binder breakage is much higher than that of fractured ones; the opposite is true at low speed ratio, where the value of D f is 0.9-1. The average radial and tangential forces are calculated in the model based on the load associated with individual collisions, considering the contact region associated with the real contact length l k,real (including the effects of deflection considered with the calibrated parameter d f ), whose value depends on the dressing operational conditions. A typical simulated dressing forces trend is shown in figure 10 for a r = 5 µm rev −1 , q d = −0.9 and total radial feed a d = 600 µm, identifying the phases leading to steady-state forces, consisting in the engagement between the rotating bodies and the subsequent transient load region.
Additionally, in analysing the force results obtained from the simulated process (figure 9), it needs to be considered that in the case of low q d the trajectory of the dresser abrasive grains with respect to the grinding wheel surface is usually smoother compared with the case of the high speed ratio, as seen in §4. This frequently leads to a smaller amount of material removed following a singular collisional event, due to higher tangential component of the approach velocity. When increasing the dressing radial feed-rate, for a specific value of the speed ratio, the main mechanism associated with the increase in force is found to be related to the higher contact area, as observed from equation (3.4) ; hence, increasing the feed-rate leads to a higher number of collisional events because of a higher contact length. The presented results, in terms of predicted load related to individual collisional events and simulated dressing forces, highlight the complexity of the mechanisms governing the interaction between statistically distributed abrasive grains, whose investigation is fundamental for the process optimization and to obtain higher performance, i.e. required profile accuracy and grinding wheel topography (achieving high removal rate).
(b) Comparison between predicted and experimental topography of dressed grinding wheels
It has been previously stated that the model can simulate the topography of the grinding wheel following the dressing operation; this is achieved using the criteria defined by equations (4. and (4.14), through the calculation of the maximum allowed abrasive compression through equation (4.13) to assess the condition for the grain/binder fracture event. As presented in figure 11 , the predicted topography shows good correspondence with the measured surface in terms of difference between the highest and the lowest surface points with small discrepancies (differences within 5%) compared to experimental data, as related to the amount of grain fractured/removed from the grinding wheel surface at different operational conditions. In this respect, reflecting the current literature [2] , at high dressing forces (q d = −0.7, a r = 5 µm rev −1 ) a more open structure is obtained compared to the case of low forces (q d = −0.9, a r = 1 µm rev −1 ), with higher roughness because of predominant grain pull-out phenomena; the predicted and experimental surface roughness presents similar values for the arithmetical mean height Sa ∼ = 150 µm and maximum height Sz ∼ = 1500 µm for the high force case, while lower values corresponding to Sa ∼ = 100 µm and Sz ∼ = 800 µm can be observed for low dressing forces. In performing the stated topography comparison, it needs to be considered that factors such as vibration levels during dressing, surface replication method and filtering operations can affect the obtained values; in this respect, the proposed model is intended to provide a deep understanding on the mechanisms involved during the dressing operation (mainly associated with the prediction of the actual forces), showing some potentialities regarding the estimation of the resultant topography of a grinding wheel following the dressing operation. The similarities shown between the predicted and the experimental topography of the dressed wheel confirm the influence of the collisional event characteristics (e.g. approach trajectory, relative impact velocity) on the grain/binder fracture mechanisms, providing an additional proof about the validity of the developed methodology.
Conclusion
A model to predict the results of an abrasive process (i.e. dressing) was presented in the paper, represented in terms of the interaction between rotating bodies with statistically distributed abrasive features. The model allows the simulation of the attritive interaction between an abrading body (i.e. diamond rotary dresser) and an abraded body (i.e. aluminium oxide grinding wheel). In this respect, a strategy employing DEM was used to model the abrasive structures of both rotating bodies, making it possible to predict the results of the interaction between individual grain elements during the cycloidal motion of the abrading grain sets with respect to the abraded surface. In relation to the specific case analysed in this research, the modelled process allowed the investigation of the main mechanisms governing the dressing operation, leading to the possibility to obtain a better understanding about the interrelations between the process parameters and the results in terms of dressing forces and resulting topography of the grinding wheel. The main conclusions of this work are as follows:
-It was confirmed that a strong relation exists between the speed ratio q d value and both vertical and horizontal force components (i.e. F r and F t ), leading to higher force values in case of higher speed ratio. In this regard, the parameter D f (dressing fracture ratio) was identified to study the variation in grain/binder breakage as a function of the operational parameters. Following the results of the simulation, it was noted that the binder breakage events are more frequent at higher speed ratio, mainly due to higher normal component of the relative velocity of approach v n of the dresser grains with respect to the grinding wheel surface. Furthermore, the resulting topography of the dressed grinding wheel is characterized by more open structure (i.e. higher roughness) at high force conditions, compared with low force cases, related to a higher percentage of abrasive grains removed by break-out mechanisms; -The relation between the radial feed-rate a r value used in the process and the resulting force components was investigated, clarifying the reason leading to force increase at higher feed-rates. In this regard, it was found that one of the main mechanisms relating the force behaviour to the dressing feed-rate value is strictly related to the contact length definition. Specifically, the kinematical contact length l k increases as function of the equivalent diameter d eq and the feed-rate, leading to a higher number of particles involved in the collisional process at a specific time for higher radial feedrates. Additionally, the roughness was found to vary in relation to the feed-rate, due to typically smaller amount of grain fractured during the collisional events, leading to a closer topography of the grinding wheel; -The influence of the interacting bodies deflection during the dressing process was examined, defining the contact area for a specific set of parameters as a function of a deflection factor d f , whose value was obtained following the calibration phase. Examining the deflection effects, it was clarified that the output forces are strictly related to the factor d f , with this leading to higher forces because of a proportionally increased contact area. -It was noted that the dressing process is typically dominated by the grain fracture mechanism. This aspect was investigated mainly through the dressing fracture ratio D f , showing that the percentage of fractured grains with respect to the total number of collisions is lower at higher values of the speed ratio.
